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 In this paper, a formalism for the activation volume of glass forming materials is suggested. An 
isothermal equation of state for the activation volume is formulated, which is extended to a generalized equation 
of state that describes the activation volume as a function of temperature and pressure. Both the equations of 
state are very successfully validated by using experimental and simulation data collected for supercooled Kob-
Andersen binary Lennard-Jones liquid and materials from various material groups such as van der Waals liquids, 
polymers, protic ionic liquids, and strongly hydrogen bonded liquids. Some predictions based on these equations 
of state for the activation volume are also very satisfactorily verified in case of each considered system, 
especially a kind of the activation volume scaling with the scaling exponent that also constitutes the slope of the 
expected linear pressure dependence of the isothermal bulk modulus for the activation volume is confirmed. The 
until recently unexpected negative value of the slope are explained in case of the systems that obey the 
thermodynamic scaling law at least to a good approximation.      
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I. Introduction 
 In the last two decades, the glass transition physics has been considerably enriched 
with many new results obtained from high pressure experiments [1,2,3,4,5,6,7,8,9,- 10,11,12, 3], which have 
extended the  traditional study of the glass transition in the temperature domain by the 
pressure effects and the corresponding influence of density changes, where the latter is 
possible to determine if we know temperature-pressure volumetric data usually described by 
an appropriate equation of state (EOS). The high pressure techniques enable to explore 
physical phenomena observed for systems which are approaching the glass transition along 
various thermodynamic paths. Besides a typical method for a glass formation, which is the 
vitrification of a liquid by sufficiently fast isobaric cooling of the liquid both at ambient and 
elevated pressures, another method highly exploited for the glass formation is the isothermal 
compression of a liquid. These two kinds of experiments provide in the natural way two kinds 
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of information [1,2] on the examined  material, i.e., its sensitivity to temperature and pressure 
changes near the glass transition, which can be quantified respectively by the isobaric fragility 
parameter, 
pgp
TTm )/(/)(log10   , calculated usually at the glass transition temperature Tg , 
and the activation volume originally derived by Williams [14] within the framework of the 
Eyring transition state theory at isothermal conditions as follows 
T
act
p
RT





ln
 (1) 
where the structural relaxation time τ has been considered, because this dynamic quantity is 
used in all tests reported in this paper, and R is the gas constant.  
It should be noted that the parameters mp and υact are not independent, because there is 
a relation between them [15]. Thus, the mentioned distinguishing between mp and υact should 
not be treated restrictively. For instance, it is commonly known that the isobaric fragility 
depends on pressure, i.e., usually decreases with increasing pressure [1,2]. As a result, the 
parameter mp also provides some information on the sensitivity of materials to pressure 
changes. However, the activation volume is the basic parameter that characterizes how 
pressure changes affect molecular dynamics of a given material near the glass transition. This 
feature of υact demands that we discuss the activation volume in the context of density scaling 
of molecular dynamics near the glass transition, which is one of the most appealing ideas 
proposed in recent years to describe properties of glass formers at elevated pressure [1].          
 
The density scaling of molecular dynamics of viscous systems has been intensively 
explored in the last decade to gain a better insight into the glass transition and related 
phenomena. These promising investigations have been started with phenomenological 
observations [16,17,18,19-20,21,22, 3] which have resulted in plotting isothermal and isobaric experimental 
dependences of dynamic quantities such as structural relaxation time τ and viscosity η onto 
one master curve as a function of the scaling quantity, T/ , where ρ – density, T – 
temperature, and the scaling exponent γ is a material constant. A lot of effort has been later 
put into understanding this scaling phenomenon and finding its theoretical explanation. The 
most common point of view on the theoretical grounds for the power-law density scaling also 
called thermodynamic scaling is based on a dominant role of short-range interactions in  
viscous systems, which are characterized by small intermolecular distances. In a consequence, 
it is usually suggested [24,25,26,27-28,29,30, 1] that the thermodynamic scaling can be explained by means of 
the short range effective approximation,     t
m
eff ArrU
IPL  /4  , of the generalized 
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Lennard-Jones (LJ) potential [32],       nmLJ rrrU //4   ,
 
where At is some constant 
(or linear) small attractive background and the inverse power-law exponent, 
mm IPLIPL  3 , is straightforwardly related to the exponent IPL , which can be identified 
with the scaling exponent γ that enables to scale structural relaxation times and viscosities.  
 Moreover, it has been shown by using theoretical and simulation studies [26 -27, 8] that 
each system which obey the power-law density scaling should fulfill a strong linear 
correlation between the system virial W and the system potential energy U: 
)()( tUtW WU  , where  UtUtU )()(  and  WtWtW )()(  are respectively 
deviations of the instantaneous values U(t) and W(t) from their thermal averages U  and
 W . It has been also argued that the WU correlation coefficient WU  can be identified with 
the exponent IPL  if the short range effective potential effU  is assumed to be relevant to the 
density scaling of molecular dynamics. This theoretical argumentation has been confirmed by 
results of molecular dynamics (MD) simulations with simple force fields based on the 
Lennard-Jones potential [26 -,27, 8]. These simulation studies have also enabled to establish a 
good agreement between the WU correlation coefficient WU  and the exponent γ that scales 
dynamic quantities such as structural relaxation times, viscosities, and diffusivities. Recently, 
Pedersen et al. [33] have shown that the isochoric heat capacity calculated from simulations of 
the Kob-Andersen binary Lennard-Jones (KABLJ) liquid [34] can be also scaled versus the 
quantity T/ with the same value of γ as that used to scale dynamic quantities. However, 
such power-law density scaling of volumetric data has been found to be impossible in the 
exact sense [19,25,31,35,36,37-38,39,40].   
 To explore the problem with the scaling of pressure-volume-temperature (PVT) data, 
we have recently formulated two equations of state, which originate from different grounds 
[38,39], i.e., the same short range effective 
effU  that underlies the WU correlation and a 
modified definition of the isothermal bulk modulus, where the exponent EOS  is introduced 
only in the following mathematical way,  
TEOST
EOSpB
 ln/ . The latter approach 
yields the equation of state, which is simpler to use. Thus, we exploit it herein in the 
following form, 
 0
0
0
)(
1
),(
),(
pp
pBpT
pT
T
EOS
EOS





 



   (2) 
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where the temperature dependence specific volume ),( 0pT  at a reference pressure p0 is 
typically parametrized by the quadratic temperature function, 
2
0201000 )()(),()( TTATTAApTT  , and the temperature dependence of the 
isothermal bulk modulus at p
0
 by the exponential temperature 
function ))(exp()()( 0200 0 TTbpBpB TT  , where the fitting parameter b2 is approximately 
constant independently of the choice of T
0
 in the supercooled region, and the fixed reference 
state ),( 00 pT  can be usually defined at the glass transition temperature and ambient pressure.   
It is worth noting that the shared assumption exploited to derive both the mentioned 
equations of state relies on a small compressibility, which characterizes materials near the 
glass transition and allows to limit their range of validity to the case of the linear pressure 
dependence of the isothermal bulk modulus,  
)()()( 000 0 pppBpB EOSTT   .  (3) 
Tests of these equations of state by using experimental and simulation data have shown that 
both these equations yield numerically very close values of EOS  for a given material, which
 
can be used to a kind of scaling of volumetric data. Since the exponent EOS  can be 
straightforwardly related to the exponent IPL  from the short range effective potential effU  
according to the assumption made to derive one of these equations of state, the exponent EOS   
should correspond to both the WU correlation coefficient WU  and the exponent γ that scales 
dynamic quantities. In fact, we have very recently established [40] such a correspondence 
  WUEOS  for simulation data obtained within the framework of the KABLJ model. 
However, this relation is broken in case of experimental data, for which we have observed a 
considerable discrepancy  EOS  [36,37-38, 9].  
In the context of the hot debate about the scaling phenomena near the glass transition, 
it is important to answer the question whether the activation volume can be scaled or not and 
to establish consequences of the answer. This paper is devoted to this issue. We show herein 
how to describe the activation volume in the density scaling regime. We find which kind of 
scaling is valid for the activation volume and we define the proper scaling exponent for this 
quantity. What is more, we formulate an equation of state for the activation volume. This EOS 
leads us to very interesting predictions about properties of molecular dynamics near the glass 
transitions, which are verified by using experimental and simulation data.    
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II. Activation Volume in the Density Scaling Regime 
According to the general approach to the density scaling of dynamic quantities [25,41] 
the structural relaxation time τ of viscous systems can be described by some general density-
temperature function   
   






T
h
fT

 ,ln   (4) 
where  h  is only a density function.  
Then, the activation volume can be derived from Eqs. (1) and (4) as follows 
     
T
act
p
pTh
T
xf
RT





,


  (5) 
where  xf   is a partial derivative of the external function with respect to   Thx / . 
Since 
     









 h
h
h ln
 and 
 
 pBp
pT
TT



 ,
, where  
 
T
T
p
pB




   (6) 
is the isothermal bulk modulus of the specific volume υ, the activation volume  
 
 
 
 



ln
ln



h
h
pB
xf
R
T
act  (7) 
Then, the inverse reduced activation volume in the density scaling regime can be expressed as 
follows 
 
 
 
 
 
 
 
 ),(
),(
,
, 00
0
0
pTh
pTh
xf
xf
pB
pB
pT
pT
T
T
act
act






  (8) 
where    TpThx /,  and    TpThx /, 00  . 
According to the density scaling [41,42], in general, the scaling exponent 
 



ln
ln



h
. It is also valid in the case of the power-law density scaling called also 
thermodynamic scaling, because then    h . To find an explicit form of Eq. (8) we need 
to assume an expression for the function f in Eq. (4). Until recently, the best model to describe 
the thermodynamic scaling of dynamic quantities such as structural relaxation times of 
viscosities has been considered [1] the density-temperature version [43] of the Avramov 
entropic model [44],  
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 
D
T
A
T 







 0ln,ln  (9)  
Since lnτ0, A, D and γ are fitting parameters in Eq. (9), and the density scaling function can be 
considered as    h , the derivative   1 DDxDAxf  where Tx / . In this way, the 
activation volume in the case of the power-law density scaling can be expressed as follows  
 
D
T
act
T
A
pB
D
RT 







  (10) 
and then Eq. (8) with 1  provides us an explicit expression for the inverse reduced 
activation volume, 
 
 
 
 
D
T
T
act
act
pT
pT
pB
pB
pT
pT












),(
),(
,
,
00
0 . From the latter equation and Eq. (2), 
one can find the following important relations  
 
 
D
act
act
EOS
pT
pT
pT
pT













),(
),(
,
, 00  (11)
 
 
 
 
 
  EOSEOS D
T
T
act
act
pB
pB
pT
pT



/
00
,
,







  (12)
 
which show that the inverse reduced activation volume is some power functions of the inverse 
reduced volume and the inverse reduced isothermal bulk modulus.  
 
III. Equation of State for the Activation Volume 
 
(a) Isothermal EOS for act  
 
The relations given by Eqs. (11) and (12) suggest that the activation volume can obey 
an
 
analogous isothermal EOS to Eq. (2). To derive this EOS for the activation volume we can 
apply the method previously used [38] to find the isothermal version of Eq. (2).  
It should be noted that the isothermal bulk modulus for the activation volume can be 
defined as  
Tact
actact
p
B





  (13) 
by analogy with the definition of the isothermal
 
bulk modulus for volume and we can exploit 
the same mathematical trick  
Tactactact
actpB
 ln/  as that used to find the EOS for the 
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specific volume given by Eq. (2). Then, we can consider the modified definition of actB  as a 
differential equation. A general solution of this equation, 





 

)(
exp
pB
dp
act
actact
EOS   , leads 
with an initial condition ),( 00 pTactact  
 
to its particular solution 












 

)(
exp
)(
exp)/(
0
0
pB
dp
pB
dp
act
act
ppact
actactact
act   . Then, a first-order Taylor series 
expansion of this particular solution about p=p0 yields the isothermal EOS for the activation 
volume  
 
 
 0
0
0
),(
1
,
,
pp
pTBpT
pT
act
act
act
act
act





 



 (14) 
where ),( 0pTBact  is the isothermal bulk modulus for the activation volume at the reference 
state defined by p0 at a constant temperature T.   
It has been already mentioned that Eq. (2) satisfies the linear pressure dependence of 
the isothermal bulk modulus given by Eq. (3). Similarly, one can easily derive from the 
definition of actB  by differentiating the EOS (Eq. (14)) for act  that it implies the following 
linear pressure dependence of the isothermal bulk modulus for the activation volume,  
)(),(),( 00 pppTBpTB actactact    (15) 
The above equation shows the basic physical meaning of the arbitrarily introduced parameter 
of the exponent act , which is defined by the derivative 
0
/),(
ppactact
ppTB

 at a given T. 
It means that Eq. (14) is valid if the pressure dependence of the isothermal bulk modulus for 
the activation volume is linear and its slope is independent of thermodynamic conditions. It is 
worth noting that we should be able to predict values of the parameters act  and  0, pTBact  
without any need to determine the activation volume values. Taking into account the EOS for 
the specific volume (Eq. (2)) and the relation given by Eq. (11), we can find an auxiliary 
equation 
 
   
 0
0
0 1
,
,
pp
pBpT
pT
T
EOS
D
act
act
EOS
EOS





  

 

, (16) 
Then, calculating the isothermal bulk modulus for the activation volume  pTBact ,  from Eq. 
(16) and comparing the obtained equation,  
 
 0
0, pp
DD
pB
pTB
EOS
EOS
EOS
T
act 







, with 
Eq. (15), we find the following dependences 
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


  (17) 
 
 
D
pB
pTB
EOS
T
act
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 00,  (18) 
Thus, the relations given by Eqs. (11) and (12) can be expressed also by replacing their 
exponents  with actEOS   and act1 , respectively. Moreover, if we take into account the 
pressure dependences given by Eqs. (3) and (15) or the definitions of TB  and actB , i.e., Eqs. 
(6) and (13) , the isothermal equations of state for the specific and activation volumes (Eqs. 
(2) and (14)) imply that the scaled inverse reduced volume corresponds to the reduced bulk 
modulus. Such a relation is valid for both the non-activation and activation quantities. It 
means that there is the following unity condition  
 
 
 
 
 
 
 
 
1
,
,
,
,
,
, 0000 











actEOS
pT
pT
pTB
pTB
pT
pT
pB
pB
act
act
act
act
T
T





 (19) 
It should be noted that Eq. (14) can be also found from the definition of the isothermal bulk 
modulus for the activation volume by using a particular solution of Eq. (13), i.e., 












 

)(
exp
)(
exp/
0
0
pB
dp
pB
dp
actppact
actact  , that is obtained with the initial condition 
),( 00 pTactact   . A second-order Taylor series expansion of this particular solution about p=p0, 
i.e., 200
2
00
1
0 )](/),(1)[,()2/1())(,(1/
0
ppppTBpTBpppTB
ppactactactactact


 , 
and then a subsequent second-order Taylor series expansion of this second-order 
approximation of  )/( 0 actact   raised to the power act also lead to Eq. (14) due to vanishing 
its second-order term if one assumes constppTB
ppact

 0
/),(  for a given material in the 
vicinity of the glass transition and denotes it by act. This last assumption corresponds to the 
mentioned linear pressure dependence of the isothermal bulk modulus for the activation 
volume (Eq. (15)), which is satisfied by Eq. (14). It means that we have two potentially 
alternative approaches: (i) the representation act
actact
 )/( 0  given by Eq. (14) and based on 
the first-order Taylor series expansion of the solution of the differential equation coming from 
the definition of the isothermal bulk modulus for the activation volume modified by 
introducing the exponent act, and (ii) the representation )/( 0 actact   that follows directly 
from the definition of the isothermal bulk modulus for the activation volume given by Eq. 
(13) and could be used in the form approximated by the second-order Taylor series expansion 
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presented above without reducing it to Eq. (14) by the next second-order expansion. Some  
reason for choosing the approach (i) is the expression used in Eq. (14), which is simpler than 
the second-order expansion of )/( 0 actact   and expected to describe pressure dependences of 
the activation volume that are in general nonlinear. However, there are more essential causes 
to prefer Eq. (14). Its form is very similar to Eq. (2) that leads to a scaling of volumetric data 
with the scaling exponent 
EOS
 [38]. Thus, one can expect that the activation volume can be 
scaled in terms of Eq. (14) with the scaling exponent act. Moreover, the found relation (Eq. 
(17)) between , 
EOS
, and act shows that the scaling of the activation volume reflects a 
combined effect of the density scaling of molecular dynamics near the glass transition (with 
the scaling exponent ) and the scaling of volumetric data (with the scaling exponent 
EOS
). In 
other words, the proposed formalism for the activation volume predicts that the scaling of 
dynamics and the scaling of PVT data result in the scaling of the activation volume of glass 
forming materials. 
 
(b) Generalized EOS for act  
An interesting question arises whether it is possible to determine a general EOS for the 
activation volume. It means whether we are able to find appropriate parametrizations of the 
temperature-dependent parameters of Eq. (14), which are  0, pTact  and  0, pTBact .   
 Taking into account the morphological correspondence between Eq. (14) and Eq. (2), a 
natural way of the generalization about the isothermal EOS for the activation volume, which 
suggests itself, is to attempt at applying the same parametrizations to the temperature-
dependent parameters of Eq. (14) as those used to generalize [39] the originally isothermal 
EOS given by Eq. (2).  Thus, we postulate the following temperature dependences 
2
020100 )()(),( TTFTTFFpTact   (20) 
))(exp(),(),( 02000 TTgpTBpTB actact   (21) 
where
 
),( 000 TpF aact , 
0
/),( 01 TTact TTpF   , 
0
2
0
2
2 /),()2/1(
TT
act TTpF 
  , and 
0
/),(ln 02 TTact TTpBg   . The latter parameter is assumed to be approximately constant 
and independent of the choice of T0 in the considered temperature region. The value of T0 can 
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be usually fixed as the glass transition temperature at p
0
, i.e., )( 00 pTT g . As a result, we find 
the generalized EOS for the activation volume, 
   actTTggpp
TTFTTFF
pTact  1
0210
2
02010
)(exp(1
)()(
),(


  (22) 
where ),(/ 001 pTBg actact , and in general the reference state  00 , pT  for Eq. (22) is chosen 
similarly to that for the EOS for the specific volume (Eq. (2)) [39] , i.e., in order to indicate 
the applicability limits for Eq. (22). It means that this EOS for the activation volume with 
determined values of its parameters for a given material in the supercooled state should be 
used only to this state, and any attempts at applying this EOS, for instance, to the glassy state 
require establishing another set of fitted values of the EOS parameters.     
 
IV. Experimental and Simulation Tests and Their Discussion 
It is worth noting that the EOS given by Eq. (14) as well as their supplementations 
with Eqs. (20) and (21) are derived without any assumption that the power-law density scaling 
is valid. Thus, we test this EOS by using experimental data for representatives of different 
material classes, including materials for which the density scaling has been confirmed and the 
others. We consider herein the earlier reported dielectric and volumetric data for materials 
that obey the density scaling [2,39,45] such as 1,1'-bis (p-methoxyphenyl) cyclohexane 
(BMPC) [46,47] and phenylphthalein-dimethylether (PDE) [48,49], which belong to 
supercooled van der Waals liquids, and a polymer melt (PVAc) [50,51]. We also exploit 
experimental data for a protic ionic liquid verapamil hydrochloride (VH) [52,53], the 
relaxation times of which can be scaled vs T/  to a good approximation, although our 
previous thorough analyses showed that the density scaling is not perfect for VH [52]. 
Moreover, we use experimental dielectric and PVT data for a strongly hydrogen-bonded 
liquid DPG [54,55,56], for which we have confirmed that the density scaling is broken [57]. 
Besides the use of measurement data, the EOS for the activation volume is verified by 
exploiting MD simulation data obtained in the KABLJ model [40], for which one can find an 
effective value of the scaling exponent γ for the structural relaxation times, although they 
cannot be scaled vs T/  in the exact sense.   
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(a) Experimental Test of the Isothermal EOS for act  and the Scaling of act  
We begin the verification procedure with the isothermal EOS for the activation 
volume given by Eq. (14). We determine the activation volume of BMPC by using isothermal 
structural relaxation times established from high pressure broadband dielectric measurements 
[46] and fitted herein to Eq. (9) together with the isobaric structural relaxation times at 
ambient pressure also reported in [46] . Exploiting Eq. (2) with the earlier reported values of 
the EOS parameters [58], we can find a temperature-pressure function  TpT ),,(
 
for the fit 
to Eq. (9). The relaxation times and the fitted curves are shown in Fig. 1(a) as pressure 
functions. Then, we evaluate the pressure dependences of the activation volume for each 
isotherm from the definition given by Eq. (1). As can be seen in Fig. 1(b), we can successfully 
fit the pressure dependences )(pact  to Eq. (14) at the fixed reference pressure  p0=0.1MPa. 
By using the values of the parameters found from the fitting procedure to Eq. (14), we can 
construct a linear scaling plot for the activation volume (Fig. 1(c)), which is analogous to the 
PVT scaling plots earlier reported by us for the specific volume [38] analyzed in terms of the 
isothermal version of Eq. (2). The similarity in the scaling procedures one can predict from 
Eqs. (2) and (14) follows from the morphological correspondence of these EOS. However, we 
can observe that the scaling procedures in terms of Eqs. (2) and (14) yield the considerably 
different values of the scaling exponents, γ≈7.8 [45] and γact≈–3.45 for BMPC. It can be 
explained by Eq. (17) and will be discussed later. 
(b) Experimental Tests of the Generalized EOS for act  and the Scaling of act  
 The promising successful result of the test of the isothermal version of Eq. (14) by using 
experimental data for BMPC encourages us to verify the assumed temperature parametrizations of 
Eq. (14) by Eqs. (20) and (21), which lead to the generalized EOS for the activation volume (Eq. 
(22)). To validate Eq. (21) we find (see Fig. 2(a)) the temperature dependences of the isothermal 
bulk modulus Bact(T) for the activation volume of BMPC at a few pressures, p=0.1, 20, and 
40MPa, exploiting the activation volume data shown in Fig. 1(b). Since the values of the 
isothermal bulk modulus for the activation volumes calculated from the definition given by Eq. 
(13) are negative, because the activation volume increases with increasing pressure in isothermal 
conditions (e.g. see Fig. 1(b)), we plot appropriate logarithmic representations of the dependences 
Bact(T) expressed by ))(ln( TBact . As a result we find that these logarithmic functions of 
temperature are linear to a very good approximation (Fig. 2(b)). Thus, we can assume that the 
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Fig. 1 (a) Plot of the pressure dependences of isothermal structural relaxation times τ of BMPC. Solid lines 
denote the curves generated from the shared fit of τ(T,ρ) to Eq. (9) and the temperature-pressure dependence of 
density established from Eq. (2) with the values of its parameters taken from [58]  (b) Plot of the pressure 
dependences of the activation volume of BMPC, which are calculated from the isothermal structural relaxation 
times and fitted to Eq. (14). Solid lines denote the fitting curves. (c) Scaling of the activation volume of BMPC 
in terms of Eq. (14) by using the values of its fitting parameters collected in panel (b). The linear fit represented 
by the solid line indicates the quality of the scaling. 
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temperature parametrization formulated by Eq. (21) is indeed reasonable for a reference state 
 00 , pT , which can usually be chosen at ambient pressure. Therefore, as an example, we 
determine the activation volume for BMPC at the reference pressure p
0
=0.1MPa. As can be seen 
in Fig. 2(c), the temperature dependence ),( 0pTact  can be successfully fitted to Eq. (20), 
although the activation volume unlike the specific volume decreases with increasing temperature 
in isobaric conditions, which can be easily observed for instance from the inspection of Fig. 1(b). 
As a consequence, values of the parameter F
1
 in Eq. (20) are expected to be negative numbers. 
 
Fig. 2 (a) Plot of temperature dependences of the isothermal bulk modulus for the activation volume of BMPC in 
chosen isobaric conditions. (b) Plot of the dependences earlier shown in panel (a) with using a logarithmic 
representation of the isothermal bulk modulus for the activation volume and their linear fits denoted by solid 
lines. (c) Plot of the temperature dependence of the activation volume of BMPC at ambient pressure.  
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Fig. 3 (a) Plot of the pressure dependences earlier shown in Fig. 1(b) currently fitted to Eq. (22). Solid lines 
denote the fitting curves. (b) Scaling of the activation volume of BMPC in terms of Eq. (14) parametrized by 
Eqs. (20) and (21) with using the values of the fitting parameters collected in panel (a) for Eq. (22). The linear fit 
represented by the solid line indicates the quality of the scaling. 
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 The preliminary tests of the temperature parametrizations of Eq. (14) expressed by 
Eqs. (20) and (21) show that Eq. (22) should be the appropriately generalized EOS for the 
activation volume. Thus, we exploit Eq. (22) in further analyses to check whether it is able to 
properly describe the activation volume considered as a function of pressure and temperature 
for glass formers from different material classes. First, we check how Eq. (22) approximates 
the pressure dependences of the activation volume of BMPC, which are shown in Fig. 1(b) 
and previously have been successfully fitted to the isothermal EOS given by Eq. (14). As can  
be seen in Fig. 3(a), the activation volume of BMPC can be also successfully fitted to the 
generalized EOS given by Eq. (22). Moreover, similarly to the performed scaling of the 
activation volume according to Eq. (14), we can use the values of the parameters found from 
the fitting procedure to Eq. (22) to construct a linear scaling plot for the activation volume 
(Fig. 3(b)), which is analogous to the PVT scaling plots earlier reported by us for the specific 
volume [39] analyzed in terms of the generalized version of Eq. (2) with appropriate 
temperature parametrizations ),( 0pT  and )( 0pBT . We achieve a very high quality scaling 
of the activation volume of BMPC with the value of the scaling exponent γact≈–3.40, which is 
determined by fitting the activation volume data to Eq. (22) and is very close to that found 
from the isothermal EOS (Eq. (14)) for BMPC, i.e., γact≈–3.45. In this way, the generalized 
EOS for the activation volume (Eq. (22)) and the scaling of the activation volume according 
to the EOS have been validated by using experimental data for the representative of van der 
Waal liquids.  
Next, we exploit experimental data for representatives of polymers (PVAc) and protic 
ionic liquids (VH) to verify Eq. (22). We determine the activation volume of PVAc and VH 
by using isothermal structural relaxation times established from high pressure broadband 
dielectric measurements and fitted to Eq. (9). The fitting procedure performed herein 
according to Eq. (9) includes beside the isothermal structural relaxation times shown 
respectively in Figs. 4(a) and 5(a) for PVAc and VH also the isobaric structural relaxation 
times at ambient pressure in case of PVAc [50] and the isobaric structural relaxation times 
measured at ambient and high pressures in case of VH [52]. Exploiting Eq. (2) with the values 
of the EOS parameters earlier reported for PVAc [39] and herein established for VH [53] by 
using the earlier reported PVT measurement data [52], we can find a temperature-pressure 
function  TpT ),,(
 
for the fits to Eq. (9). The relaxation times and the fitted curves are 
shown as pressure functions for PVAc and VH in Figs. 4(a) and 5(a), respectively. Then, we 
evaluate the pressure dependences of the activation volume for each isotherm from the  
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Fig. 4 (a) Plot of the pressure dependences of isothermal structural relaxation times τ of PVAc. Solid lines 
denote the curves generated from the shared fir of τ(T,ρ) to Eq. (9) and the temperature-pressure dependence of 
density established from Eq. (2) with the values of its parameters taken from [39] (b) Plot of the pressure 
dependences of the activation volume of PVAc, which are calculated from the isothermal structural relaxation 
times and fitted to Eq. (22). Solid lines denote the fitting curves. (c) Scaling of the activation volume of PVAc in 
terms of Eq. (14) parametrized by Eqs. (20) and (21) with using the values of the fitting parameters collected in 
panel (b) for Eq. (22). The linear fit represented by the solid line indicates the quality of the scaling. 
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Fig. 5 (a) Plot of the pressure dependences of isothermal structural relaxation times τ of VH. Solid lines denote 
the curves generated from the shared fit of τ(T,ρ) to Eq. (9) and the temperature-pressure dependence of density 
established from Eq. (2) with the values of its parameters taken from [53] (b) Plot of the pressure dependences of 
the activation volume of VH, which are calculated from the isothermal structural relaxation times and fitted to 
Eq. (22). Solid lines denote the fitting curves. (c) Scaling of the activation volume of VH in terms of Eq. (14) 
parametrized by Eqs. (20) and (21) with using the values of the fitting parameters collected in panel (b) for Eq. 
(22). The linear fit represented by the solid line indicates the quality of the scaling. 
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definition given by Eq. (1). As can be seen in Fig. 4(b) for PVAc and Fig. 5(b) for VH, we 
can successfully fit the pressure dependences )(pact  to Eq. (22) at the fixed reference 
pressure  p
0
=0.1MPa. By using the values of the parameters found from the fitting procedure 
to Eq. (22), we can construct the linear scaling plots for the activation volume (Figs. 4(c) for 
PVAc and Figs. 5(c) for VH). The scaling quality is satisfactory in both the cases, although it 
is not perfect unlike that established for BMPC. The possible reasons for the slightly worse 
quality of the scaling of the activation volume seem to be different for PVAc and VH. In case 
of PVAc, one can expect that it is caused by using a rare set of PVT experimental data [51] to 
find the fitting values of the EOS parameters given by Eq. (2), which have been also 
suggested [39] as a reason for a slightly worse scaling of the specific volume in terms of Eq. 
(2). However, in case of VH, the quality of the scaling of  υact seems to be a consequence of 
our previous finding [52] that this protic ionic liquid does not obey the thermodynamic 
scaling law perfectly. In this context, it is interesting to check whether it is possible to 
perform the discussed scaling of the activation volume for glass formers that do not obey the 
thermodynamic scaling law at all.  
To answer the above question we consider experimental data for DPG, which is a 
strongly H-bonded liquid. We have previously confirmed [57] the isothermal and isobaric 
structural relaxation times of DPG cannot be superimposed on any curve that represents a 
function of T/  , where γ is a material constant. As an example, we have fitted all the 
structural relaxation times collected in different thermodynamic conditions to Eq. (9). It means 
that we have been trying to repeat the same procedure as that applied to structural relaxation 
times of BMPC, PVAc, and VH. As a result, we have obtained a very low quality fit. The 
curves generated from the values of this fit parameters are depicted by dashed lines in Fig. 6(a) 
as pressure functions found by using Eq. (2) with the values of the EOS parameters established 
by using the isobaric experimental data combined from ambient and high pressure PVT 
measurements [54,56,59]. Therefore, we have fitted separately each isotherm of structural 
relaxation times of DPG to Eq. (9) to be able to accurately evaluate the activation volume of 
DPG. Then, we have obtained high quality fits (see solid lines in Fig.  6(a)) and reliable values 
of the activation value from the definition given by Eq. (1). These values of  υact for DPG have 
been successfully fitted to Eq. (22) as can be seen in Fig. 6(b), and later quite satisfactorily 
scaled (Fig. 6(c)) with the same method as that applied to scale the activation volume of earlier 
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Fig. 6 (a) Plot of the pressure dependences of isothermal structural relaxation times τ of DPG. Dashed and solid 
lines denote the curves generated respectively from the shared fit and the separate isothermal fits of τ(T,ρ) to Eq. 
(9) and the temperature-pressure dependence of density established from Eq. (2) with the values of its parameters 
taken from [59] (b) Plot of the pressure dependences of the activation volume of DPG, which are calculated from 
the separately fitted isothermal structural relaxation times and fitted to Eq. (22). Solid lines denote the fitting 
curves. (c) Scaling of the activation volume of DPG in terms of Eq. (14) parametrized by Eqs. (20) and (21) with 
using the values of the fitting parameters collected in panel (b) for Eq. (22). The linear fit represented by the 
solid line indicates the quality of the scaling. 
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considered materials. This result shows that the activation volume can be scaled in terms of 
Eq. (14) parametrized by Eqs. (20) and (21), even if the structural relaxation times of a given 
material do not obey the thermodynamic scaling law. This finding can be explained by the 
already mentioned fact that Eq. (14) as well as their supplementations with Eqs. (20) and (21) 
are derived without any assumption that the power-law density scaling is valid.     
Since Eq. (22) has turned out to be the proper EOS for the activation volume of glass 
formers that belong to various material groups, including also materials that do not obey the 
thermodynamic scaling law in the exact sense, we consider our MD simulation data [40] 
obtained for the model KABLJ supercooled liquid to verify this EOS. It has been confirmed 
[27,40] that the scaling exponent γ depends on density for the KABLJ system. However, it is 
possible to determine an effective value of the scaling exponent γ. It has been achieved by us 
[40] by fitting structural relaxation times to Eq. (9), which results in γ≈4.87 for structural 
relaxation times expressed in the Lennard-Jones (LJ) potential units. Nevertheless, to 
accurately evaluate the activation volume for the KABLJ liquid, we fit separately each 
isotherm of τ* (the star denotes τ in the LJ units) to Eq. (9). The isothermal structural 
relaxation times τ* and their fits to Eq. (9) are shown in Fig. 7(a) as pressure functions by 
exploiting values of pressure calculated from our MD simulation data for the KABLJ system. 
Then, we can determine proper values of the activation volume for the KABLJ system and fit 
them to Eq. (22). As can be seen in Fig. 7(b), the pressure dependences of υact for the KABLJ 
supercooled liquid are very well described by the fitting curves to Eq.. (22). One can observe 
an interesting difference in the values of the parameter g
2
 between considered real systems 
and the KABLJ model. For the latter, the value g
2
 < 0, whereas the found values g
2
 are 
positive for the real materials. According to Eq. (21), it means that the isothermal bulk 
modulus for the activation volume, which is negative, decreases with increasing temperature 
in isobaric conditions in the case of KABLJ liquid, which is just the opposite of that for the 
real glass formers. Nevertheless, the scaling of the activation volume obtained for the model 
system is satisfactory also with a negative value of the scaling exponent γact (Fig. 7(c)) 
similarly to those found for real materials. Additionally, it should be noted that the scaling 
procedure of the activation volume for both real and model systems does not require using the 
reduced units suggested by Dyre’s group within the theory of isomorphs [60], because Eq. 
(14) has a quotient character similarly to Eq. (2) for which the issue has been discussed by us 
in [40].  
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Fig. 7 The star symbol in each panel indicate that a given quantity is expressed in LJ units. (a) Plot of the 
pressure dependences of isothermal structural relaxation times τ* of the KABLJ liquid. Solid lines denote the 
curves generated from the separate isothermal fits of τ*(T*,ρ*) to Eq. (9) and the temperature-pressure 
dependence of density established from Eq. (2) with the values of its parameters taken from [40] (b) Plot of the 
pressure dependences of the activation volume of the KABLJ liquid, which are calculated from the separately 
fitted isothermal structural relaxation times and fitted to Eq. (22). Solid lines denote the fitting curves. (c) 
Scaling of the activation volume of the KABLJ liquid in terms of Eq. (14) parametrized by Eqs. (20) and (21) 
with using the values of the fitting parameters collected in panel (b) for Eq. (22). The linear fit represented by the 
solid line indicates the quality of the scaling. 
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At the end of the discussion on the verification of Eq. (22) by using experimental and 
simulation data, we analyze the values of the scaling exponent γact obtained from fitting the 
activation volumes to Eq. (22) in comparison with those calculated from Eq. (17) that should 
predict the values of γact according to our theoretical discussion presented in Section III. 
According to this equation, we can calculate the value of γact for a given material if we know the 
value of the parameter γ
EOS
 found from fitting PVT data to Eq. (2) and the values of the 
parameters γ and D found from fitting e.g. structural relaxation times measured at different 
thermodynamic conditions to Eq. (9). We have applied this method to estimate values of the 
parameter γact for each considered system. A comparison of the results established from this 
calculations based on Eq. (17) to those found by fitting the activation volumes to Eq. (22) has 
turned out to be highly satisfactory (see Table 1). Only in case of DPG, Eq. (17) has failed, but 
it is quite reasonable, because DPG is strongly hydrogen bonded liquid that does not obey the 
thermodynamic scaling law as it has been already mentioned and presented in Fig. 6(a) from 
which it can be easily observed that the shared fit to Eq. (9) represented by dashed lines weakly 
describes structural relaxation times of DPG. Thus, the effective values of γ and D found by  
 
Table. 1 Values of the scaling exponent γact found from fitting the activation volume to Eq. 
(22) compared with those calculated from Eq. (17) by using the parameters γ, D, and γ
EOS
. 
System 
γ 
fitted by  
using Eq. (9) 
(a)
 
D 
fitted by 
using Eq. (9)
 (a)
 
γEOS 
fitted by 
using Eq. (2) 
γEOS–γD 
γact 
calculated 
from Eq. (17) 
γact 
fitted by 
using Eq. (22) 
PDE 4.42 ± 0.02 4.25 ± 0.04 9.51 ± 0.04 (b) –9.28 ± 0.20 –1.03 ± 0.03 –1.02 ± 0.03 
BMPC 8.00 ± 0.09 2.05 ± 0.03 12.69 ± 0.10 (c) –3.68 ± 0.31 –3.45 ± 0.29 –3.40 ± 0.06 
PVAc 2.36 ± 0.02 4.85 ± 0.09 9.19 ± 0.21 (b) –2.26 ± 0.32 –4.06 ± 0.63 –3.93 ± 0.23 
VH 2.55 ± 0.01 4.79 ± 0.06 11.79 ± 0.07 (d) –0.42 ± 0.18 –28 ± 12 –32.0 ± 5.8 
DPG 1.99 ± 0.02 4.94 ± 0.15 10.23 ± 0.03 (e)   0.43 ± 0.32   23 ± 17 –0.97 ± 0.10 
KABLJ 
model 
   4.84 ± 0.13 (f)   2.42 ± 0.18 (f) 4.58 ± 0.19 (f) –7.13 ± 0.95 –0.64 ± 0.10 –0.62 ± 0.02 
(a)
 For the considered real glass formers, the values of γ and D have been established herein by fitting 
 T,  to Eq. (9) in the entire T-p dielectric experimental range, exploiting ),( pT  from Eq. (2). 
(b)
 taken from Ref. 39   
(c)
 taken from Ref. 58  
(d)
 taken from Ref. 53  
(e)
 taken from Ref. 59  
(f)
 taken from Ref. 40 
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this fit are not reliable and the value of γact calculated from Eq. (17) by using these values of 
the parameters γ and D is also improper. For other systems, the values of γact estimated from 
Eq. (17) are in accord with those found by fitting the activation volumes to Eq. (22). As can 
be seen in Table 1, the best prediction of the values γact has been achieved for van der Waals 
liquids (PDE,BMPC) and the polymer PVAc. For the protic ionic liquid VH, for which the 
thermodynamic scaling is not perfect [52], the estimation of γact from Eq. (17) is slightly 
worse and its standard deviation of determination is quite big, but it is still a good 
approximation of γac for this material. It is interesting that Eq. (17) can be successfully used to 
predict the value of γac in case of the KABLJ model, which does not obey the power law 
density scaling in the exact sense. It is a consequence of the fact that the effective values of 
the parameters γ and D established for the model system are reasonable, because it is possible 
to perform the thermodynamic scaling of the structural relaxation times of the KABLJ liquid 
to a good approximation with using this value of the scaling exponent γ [40].  
Since Eq. (17) is validated in case of all considered systems except DPG for which the deviation 
from the thermodynamic scaling law is most pronounced, it is worth noting that Eq. (17) combined with 
Eq. (18) provides an useful method for predicting the pressure dependence of the isothermal bulk 
modulus for the activation volume, which is based on Eq. (15). The latter equation with Eqs. (17) 
and (18) enables us to predict the dependences Bact(p) with calculating no activation volume.   
(c) Bulk Modulus for the Activation Volume in the Density Scaling Regime 
As a natural application of the EOS formulated by us for υact in Section III, we discuss 
the isothermal bulk modulus for the activation volume in terms of Eq. (22). We have argued in 
Section III that Eq. (14) implies a linear pressure dependence Bact(p), the slope and intercept of 
which can be predicted by Eqs. (17) and (18), respectively. Taking into account the isothermal 
precursor (Eq. (14)) of Eq. (22), we can expect that all the findings established for Eq. (14) 
should be valid in case of Eq. (22). To verify this hypothesis we exploit the data for all the 
earlier considered real and model systems, but the detailed analysis of the issue is first 
performed by using experimental data for PDE, which is a prototypic van der Waals liquid. 
According to the procedure valid for materials that obey the thermodynamic scaling law, the 
isothermal and isobaric structural relaxation times of PDE [48] are fitted to Eq. (9) to find one 
set of its parameters values. The pressure dependences of the isothermal structural relaxation 
times for PDE and their fits generated from Eq. (9) are shown in Fig. 8(a) as pressure functions 
determined by using Eq. (2) with the earlier reported [39] values of the EOS parameters. Then, 
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we calculate the values of the activation volume of PDE from the definition given by Eq. (1) 
and fit them to Eq. (22) as shown in Fig. 2(b). After numerical differentiating the fits with 
respect to pressure we can find the pressure dependences of the isothermal bulk modulus for the 
activation volume according to its definition given by Eq. (13). As can be seen in Fig, 8(d), the 
dependences Bact(p) can be very well described by  pressure linear functions with the same 
value of their slope that equals –1.008±0.002, which is very close the scaling exponent γact = 
–1.02±0.03 found from fitting the activation volume of PDE to Eq. (22). It means that the 
linear function Bact(p) given by Eq. (15), which is a consequence of the EOS (Eq. (14)) for 
the activation volume, is validated by experimental data of PDE.  
For comparison, in Fig. 8(c), we show the pressure dependences of the isothermal bulk 
modulus BT(p) for the specific volume of PDE determined at the same temperatures at which 
the dependences Bact(p)  have been evaluated. The found dependences BT(p) are also linear 
and characterized by the same value of their slope -9.514±0.004, which is identical to that 
found [39] from fitting the activation volume of PDE to Eq. (2). This results is in accord with 
Eq. (3), which follows from the EOS (Eq. (2)) for the specific volume, and confirms that the 
PVT are taken from the sufficiently low compressibility region required to use Eq. (2).  
We can also compare the scaling plots for the specific volume of PDE (Fig. 8(e)) and for 
the activation volume of this prototypical van der Waals liquid (Fig. 8(f)), which are performed 
respectively in terms of Eq. (2) with its temperature parametrizations and Eq. (14) 
supplemented with Eqs. (20) and (21) by using the values of the scaling exponents γ
EOS
 and γact 
found from fitting the specific volume to Eq. (2) and the activation volume to Eq. (22). 
Moreover, on the basis of Eqs. (2), (14), (16), and (17), one can expect that the scaling in terms 
of Eq. (2) is maintained if we replace υ with υact and γEOS with γact, whereas the scaling in terms 
of Eq. (14) is held if we perform a reverse transformation, i.e., υact → υ and γact → γEOS. As can 
be seen in Figs. 8(e) and 8(f) after taking into account their right ordinate axes, the scaling plots 
remain indeed unchanged if we make such transformations. Since the validity of the 
relationship between γact and γEOS given by Eq. (17) has been confirmed (see Table 1), the 
correspondence        EOSact pTpTpTpT actact

 ),(/),(,/, 00   established for PDE in Figs. 
8(e) and 8(f)  also gives evidence of the validity of Eq. (11), which can be applied to predict the 
activation volume at high pressures by using values of the activation volume at a reference 
pressure and the specific volume at given T and p if values of the parameters γ
EOS
, γ, and D are 
known.  As a consequence, Eq. (12) is also validated for PDE.    
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Fig. 8 (a) Plot of the pressure dependences of isothermal structural relaxation times τ of PDE. Solid lines denote 
the curves generated from the shared fit of τ(T,ρ) to Eq. (9) and the temperature-pressure dependence of density 
established from Eq. (2) with the values of its parameters taken from [39] (b) Plot of the pressure dependences of 
the activation volume of PDE, which are calculated from the isothermal structural relaxation times and fitted to 
Eq. (22). Solid lines denote the fitting curves. (c) Plot of the pressure dependences of the isothermal bulk 
modulus for the specific volume of PDE, which are determined from the isothermal pressure dependences of the 
specific volume shown in the inset. The linear fits of the dependences, which are denoted by solid lines, indicate 
that the slopes of the linear fits are the same and correspond very well to the scaling exponent γ
EOS
 found [39] 
from fitting PVT data for PDE to Eq. (2).  (d) Plot of the pressure dependences of the isothermal bulk modulus 
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for the activation volume of PDE, which are determined from the isothermal pressure dependences of the 
activation volume shown in panel (b). The linear fits of the dependences, which are denoted by solid lines, 
indicate that the slopes of the linear fits are the same for a given materials and correspond very well to the 
scaling exponent γact found from fitting of the activation volumes to Eq. (22). (e) Scaling of the specific volume 
of PDE in terms of Eq. (2) with using the values of its fitting parameters reported in [39]. The linear fit 
represented by the solid line indicates the quality of the scaling. (f) Scaling of the activation volume of PDE in 
terms of Eq. (14) parametrized by Eqs. (20) and (21) with using the values of the fitting parameters collected in 
panel (b) for Eq. (22). The linear fit represented by the solid line indicates the quality of the scaling. The right 
axes of panels (e) and (f) indicate the possible equivalent quantities that match up the scaling of the quantities 
presented on the left axes of the panels. 
 
Fig. 9 Plots of the pressure dependences of the isothermal bulk modulus for the activation volume for (a) BMPC,  
(b) PVAc,  (c) VH, (the inset in panel (c)) DPG,  and (d) the KABLJ model. The linear fits of the dependences, 
which are denoted by solid lines, indicate that the slopes of the linear fits are the same for a given materials and 
correspond very well to the scaling exponent γact found from fitting of the activation volumes to Eq. (22). 
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It should be noted that the obtained increasing pressure functions BT(p) are an 
expected result in contrast to the decreasing pressure dependences Bact(p). The latter case is 
extremely interesting, because the previous analyses of the activation volume of glass formers 
suggested the curvature of plots of the pressure dependences of the activation volume [9], 
which could rather result in the increasing pressure dependences of Bact. Therefore, we have 
tested the dependences Bact(p) for other considered systems by following the same procedure 
as that used in the case of PDE. It means we have calculated the isothermal bulk modulus for 
the activation volume from its definition given by Eq. (13), exploiting numerical 
differentiations of the fits of υact(p) to Eq. (22) for each investigated system. As a result, we 
have established the pressure dependences of Bact, the plots of which are demonstrated in Fig. 
9 for BMPC, PVAc, VH, DPG, and the KABLJ model. For the latter (Fig. 9(d)), one can 
observe the already mentioned behavior of the isothermal bulk modulus for the activation 
volume, which indeed decreases with increasing temperature in isobaric conditions contrary 
to that for real materials (Figs. 9(a)-(c), and 8(d)). However, in case of each system, the found 
dependences Bact(p) are linear to a very good approximation and can be characterized by the 
slopes of their plots, which are constant for a given material and correspond very well to the 
value of the scaling exponent γact determined by fitting the activation volumes of the material 
to the EOS given by Eq. (22).  The established agreement between the values of γact and the 
slope of the linear plot of the dependence Bact(p) shows that the surprising decrease in Bact 
with increasing pressure is a consequence of the relation suggested by Eq. (17). From 
inspection of the earlier reported [13,36,37-38 , 9,43,45,61] and current (see Table 1) results of the 
analyses based on Eqs. (2) and (9) one can claim that the values of the parameters that 
constitute the right side of Eq. (17) meet the condition DEOS     in case of all previously 
and herein tested materials that obey the thermodynamic scaling law at least to a sufficiently 
good approximation. Therefore, the theoretical considerations given to υact and Bact in Section 
III lead to the conclusion that the linear dependence Bact(p) defined by Eq. (15) is expected to 
decrease with increasing pressure due to 0act  for many glass formers, including also 
model systems like the KABLJ liquid. It is worth noting that although the condition 
DEOS    is not met in case of DPG (see Table 1), the scaling exponent γact determined from 
experimental data for this strongly hydrogen bonded liquid is also negative. It means that the 
decreasing pressure dependence of the isothermal bulk modulus for the activation volume 
may be a common rule for glass forming materials, however, Eq. (17) is able to predict 
reliably the values of  γact only in the thermodynamic scaling regime. Eq. (17) should be also a 
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good estimator for γact if it is possible to find proper effective values of the scaling exponent γ 
and the parameter D from Eq. (9) as it is in case of VH and the KABLJ model.  
Finally, another isothermal EOS for the activation volume should be discussed. 
Papathanassiou and Sakellis have recently formulated this EOS (Eq. (9) in [62]) on the 
assumption that Bact(T,p)/Bact(T,p0) at a given T is equal to BT(p)/BT(p0), which relies on the 
earlier simplifying suggestion, BBact  , based on a more general assumption that 
/BBact  , where 10   [63]. Taking into account the theory proposed in this paper for 
the activation volume defined by Eq. (1) (which is different from that exploited in [62])  and the 
isothermal bulk modulus for the activation volume defined by Eq. (13) as well as the obtained 
results of experimental and simulation tests of the proposed herein isothermal and generalized 
equations of state for υact and the related description of Bact(p), we need to note that the 
approach reported in [62,63] is not appropriate to properly describe the pressure dependences 
υact and Bact determined herein in case of most considered systems. First, the parameter λ that 
can be expressed on the basis of Eq. (18) as follows DEOS   . This implies that the 
assumption given by the condition 10   is not sufficient, because it is met (see Table 1) 
only for VH (and DPG, but the strongly hydrogen bonded liquids should be excluded from this 
analyses, because we have already shown that Eq. (17) and consequently Eq. (18) are not valid 
for DPG). The other examined systems are characterized by the values of λ considerably greater 
than 1. Nevertheless, Eq. (9) in [62] has a quotient character and the mentioned problem does 
not affect critically this EOS for the activation volume, and consequently it could be neglected 
if there were no other discrepancies between this EOS predictions and the activation volumes 
and their scaling, which have been established herein for the real and model systems. However, 
this crucial discrepancy can be observed for all systems tested by us. To discuss the problem, it 
should be pointed out that Eq. (14) implies  
Tactact
ppTB  /),(  at p=p
0 
, which can be 
easily seen from Eq. (15). Then, by comparison Eq. (9) in [62] with Eq. (14), one can find that 
the parameter γact simply corresponds to the derivative  TT ppB  /)(  at p=p0 in [62]. To meet 
the discussed assumption made in [62], the straightforward relation, EOSact   , should be 
valid according to Eqs. (2) and (3). It means that the slopes of the linear pressure dependences 
of Bact and BT should be approximately the same, but it is not the case as can be seen in Figs. 
8(e)-(f) and 9 and especially in Table 1 in which the values of γact and γEOS have been collected. 
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This finding has been already discussed by us in terms of Eq. (17), which shows that the 
relation, EOSact   , is not valid in the thermodynamic scaling regime also considered in [62].  
 
V. Summary and Conclusions 
 In this paper, the activation volume and the isothermal bulk modulus have been 
considered in the thermodynamic scaling regime. Although the main course of the presented 
discussion relies on the assumption that the power law density scaling of structural relaxation 
times or viscosities is valid, we have derived the isothermal equation of state for the activation 
volume, which does not require obeying the thermodynamic scaling law, but only demands 
the region of small compressibility for the activation volume. As a consequence, the 
formulated isothermal EOS (Eq. (14)) implies the linear pressure dependence of the 
isothermal bulk modulus for the activation volume (Eq. (15)), which is in accord with the 
pressure dependences Bact(p) established by using experimental and simulation data. As a key 
result, we have formulated the generalized EOS for the activation volume (Eq. (22)) by 
exploiting suggested temperature parametrizations of the isothermal EOS (Eqs. (20) and (21)), 
which have been confirmed by using experimental data.   
 After the successful test of using the isothermal EOS in fitting the pressure 
dependences of the activation volume of BMPC, which is a typical van der Waals liquid, the 
generalized equation of state for the activation volume have been very successfully applied to 
describe the pressure dependences of the activation volume determined by using structural 
relaxation times of glass formers that belong to various material groups such as van der Waals 
liquids, polymers, protic ionic liquids, and strongly hydrogen bonded liquids. Moreover, we 
have checked that the activation volumes found from structural relaxation times estimated 
from simulation data for the KABLJ model can be very well fitted to the EOS for the 
activation volume.  
 The following important conclusions can be drawn by using the equations of state for 
the activation volume. (i) The isothermal EOS for the activation volume predicts some kind of 
scaling for the activation volume. We have confirmed that the scaling of the activation 
volume can be performed for each considered real and model system by using the value of the 
scaling exponent γact, which can be found from fitting the activation volumes to the 
generalized EOS or its isothermal precursor, independently of that whether a given system 
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obeys the thermodynamic scaling law or not. The same property has been earlier established 
[38,39] for the scaling of the specific volume with the value of the scaling exponent γ
EOS
 
found from fitting PVT data to the EOS for the specific volume (Eq. (2)). (ii) There is a 
relation given by Eq. (17) between the scaling exponent γact and the exponents γEOS and γ, 
where the latter is the exponent that enables us to scale structural relaxation times or 
viscosities according to the power law density scaling law. The relation is valid in case of 
systems, the molecular dynamics of which obeys the scaling law. (iii) As already mentioned 
the EOS for the activation volume leads to the linear pressure dependences of the isothermal 
bulk modulus for the activation volume (Eq. (15)). By analyzing the experimental and 
simulation data, we have found that the isothermal bulk modulus for the activation volume 
linearly decreases with increasing pressure. This surprising result can be rationalized by Eq. 
(17), which shows that the sign of the scaling exponent γact is the same as that of the following 
expression, DEOS   , where D is one of the parameters of Eq. (9). The negative values of 
γact can be explained by the finding that DEOS    in case of all considered systems except 
for the strongly hydrogen bonded liquid DPG, for which the thermodynamic scaling is not 
valid. (iv) By comparing the EOS for the activation volume (Eq. (14) with the EOS for the 
specific volume (Eq (2)), we have shown that the inverse reduced activation volume can be 
expressed by the scaled inverse reduced specific volume or the scaled inverse reduced 
isothermal bulk modulus for the specific volume (Eqs. (11) and (12)). These findings enable 
us to distinguish the strong volumetric contribution to the activation volume from the dynamic 
hallmark that is reflected in the scaling exponents of Eqs. (11) and (12), in which the 
parameter γ plays an important role as the exponent of the power law density scaling for 
molecular dynamics near the glass transition. (v)  As a consequence, these equations of state 
give us an interesting convenient opportunity to predict the pressure dependences of Bact from 
Eq. (15) with Eqs. (17) and (18) by using structural relaxation times or viscosities combined 
with PVT data, omitting the activation volume evaluation. Similarly, if we know the 
activation volumes in the ambient pressure limit, the values of the parameters of the EOS for 
the specific volume (Eq. (2)) as well as the values of the parameters γ and D found from 
fitting structural relaxation times or viscosities data to Eq. (9), we can reproduce the 
activation volumes for various temperature-pressure conditions by exploiting Eq. (11), which 
is a reliable procedure in case of materials that obey the thermodynamic scaling law at least to 
a good approximation.       
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 The presented applications and predictions based on the proposed formalism for the 
activation volume and the isothermal bulk modulus for the activation volume indicate that it is 
expected to be a very useful tool to investigate interrelations between important parameters 
that characterize properties of glass forming materials such as the activation volume, the 
fragility parameter, the pressure coefficient of the glass transition, and the length scale of the 
spatially heterogeneous dynamics near the glass transition, taking into consideration the 
whole thermodynamic space.   
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